
Integrál-transzformációk, Jacobi determináns

Śıkbeli polárkoordináták

x = % cosϕ

y = % sinϕ

}
0 ≤ r adott

0 ≤ % ≤ r

0 ≤ % < 2π

 ⇒ ∂(x, y)

∂(r, ϕ)
=


∂x

∂%

∂x

∂ϕ

∂y

∂%

∂y

∂ϕ

 =

cosϕ −% sinϕ

sinϕ % cosϕ

 ⇒
∣∣∣∣∂(x, y)

∂(r, ϕ)

∣∣∣∣ = %

Henger-koordináták

x = % cosϕ

y = % sinϕ

z = z




0 ≤ r adott

0 ≤ % ≤ r

0 ≤ ϕ ≤ 2π

 ⇒ ∂(x, y, z)

∂(%, ϕ, z)
=



∂x

∂%

∂x

∂ϕ

∂x

∂z

∂y

∂%

∂y

∂ϕ

∂y

∂z

∂z

∂%

∂z

∂ϕ

∂z

∂z


=


cosϕ % sinϕ 0

sinϕ −% cosϕ 0

0 0 1

 ⇒

⇒
∣∣∣∣∂(x, y, z)

∂(%, ϕ, z)

∣∣∣∣ = %

Gömbi (szférikus) koordináták

x = % cosϕ sinϑ

y = % sinϕ sinϑ

z = % cosϑ




0 < r adott

0 ≤ ϕ ≤ 2π

0 ≤ ϑ ≤ π

 ⇒ ∂(x, y, z)

∂(%, ϕ, ϑ)
=



∂x

∂%

∂x

∂ϕ

∂x

∂ϑ

∂y

∂%

∂y

∂ϕ

∂y

∂ϑ

∂z

∂%

∂z

∂ϕ

∂z

∂ϑ


=

=


cosϕ sinϑ −% sinϕ sinϑ % cosϕ cosϑ

sinϕ sinϑ % cosϕ sinϑ % sinϕ cosϑ

cosϑ 0 −% sinϑ

 ⇒
∣∣∣∣∂(x, y, z)

∂(%, ϕϑ)

∣∣∣∣ = %2 sinϑ



Tórusz koordináták

x = (R + % cosψ) cosϕ

y = (R + % cosψ) sinϕ

z = % sinψ




0 ≤ r ≤ R adottak

0 ≤ ϕ, ψ < 2π

0 ≤ % ≤ r



∂(x, y, z)

∂(%, ϕ, ψ)
=



∂x

∂%

∂x

∂ϕ

∂x

∂ψ

∂y

∂%

∂y

∂ϕ

∂y

∂ψ

∂z

∂%

∂z

∂ϕ

∂z

∂ψ


=


cosϕ cosψ −(R + % cosψ) sinϕ −% sinψ cosϕ

sinϕ cosψ (R + % cosψ) cosϕ −% sinψ sinϕ

sinψ 0 % cosψ

 ⇒

∣∣∣∣ ∂(x, y, z)

∂(%, ϕ, ψ)

∣∣∣∣ = %(R + % cosψ)

Tórusz felsźıne

Tórusz, mint kétparaméteres (ϕ, ψ) felület. (% = r)

r′
ψ =


−r sinψ cosϕ

−r sinψ sinϕ

r cosψ

 = −r


sinψ cosϕ

sinψ sinϕ

− cosψ



r′
ϕ =


−(R + r cosψ) sinϕ

(R + r cosψ) cosϕ

0

 = (R + r cosψ)

− sinϕ
cosϕ

0



r′
ψ × r′

ϕ = −r(R + r cosψ)


cosψ cosϕ

cosψ sinϕ

sinψ

 ⇒
∣∣r′
ψ × r′

ϕ

∣∣ = r(R + r cosψ)



Kétparaméteres felület R2 → R3

r = x(u, v) · i + y(u, v) · j + z(u, v) · k

Érintőśık normálvektora és felsźıne:

n = r
′

u × r
′

v A =

∫∫
T

∣∣∣r′

u × rv
′
∣∣∣ du dv

z = f(x, y) t́ıpusú előálĺıtás esetén:

n = −f ′

x(x, y)i−f ′

y(x, y)j+1k A =

∫∫
T

√
f ′2
x (x, y) + f ′2

y (x, y) + 1 du dv

Kettős integrál fizikai alkalmazásai

Egy T śıklemez tartományon a lemez sűrűségét a
%(x, y) ((x, y) ∈ T ) függvény ı́rja le.
A tömegközéppont koordinátái:

xs =

∫∫
T
x%(x, y) dx dy∫∫

T
%(x, y) dx dy

; ys =

∫∫
T
y%(x, y) dx dy∫∫

T
%(x, y) dx dy

(Számláló: a śıklemez y ill. x tengelyre vett elsőrendű, (statikai) nyomatéka.
Nevező: a lemez tömege.)

Az y ill. x tengelyre vett másodrendű, (tehetetlenségi) nyomatéka:

Θx =

∫∫
T

y2%(x, y) dx dy ; Θy =

∫∫
T

x2%(x, y) dx dy
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